Let si be a von Neumann algebra, J a uniformly closed, weakly dense, two-sided ideal in si, S the center of si', and 9 the lattice of projections in J. An operator A e si is thin relative to J if A =Z+K, for some Ze2C,KeJ.
¿é a factor, A e se is thin if and only if lim H AP -PA|| = 0.
Pe0>
This symmetric formulation is a more natural one to use in describing the thin operators. It is obviously selfadjoint and is perhaps suggestive of the fact that A e sé is thin if and only if the range of the inner derivation on sé induced by A is contained in J [2, p. 259].
The original formulation was suggested by P. R. Halmos for sé= 3$($e), and Jr=compact operators; it is a strengthening of the defining condition for quasitriangularity.
An (see [4] The author wishes to thank James A. Deddens for helpful suggestions on this work.
2. The following proposition was essentially established in [7] .
Proposition. Let sé, J, 2£, & be as above. If A e sé is thin relative to J, then Iim ||AP -PA || =0.
Pb3P
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use , we obtain an operator KeJ' and a scalar X with <p(A+K+X)=0. Thus the conclusion follows.
Lemma 2. Let si, J', ¡Z', SP be as above. If A e si is selfadjoint and has the property that \\AP-PA\\ <s for all P e 0a, then there is aZe 2£ with M-Z||<3e.
Proof.
Observe that the strongly closed convex hull of a2 is the set of all positive operators in the unit ball of si. For, this set of positive operators is convex and weakly compact, hence it is the weakly closed convex hull of its extreme points, which are the projections of si. Furthermore, & is weakly dense in the projections of si.
Assume that A e si is selfadjoint and satisfies \\AP-PA\\^e for all P 6 ¿P. If T is a convex combination of projections in £P, then also \\AT-TA\\^e, and similarly for T a strong limit of such convex combinations. Thus if T is any positive operator in si of norm at most 1, then \\AT-TA\\^e. Now, for arbitrary Tesé with ||71|<1, we can write T=B1-B2 + i(B3-B¿), a linear combination of positive operators Bte sé with ||5J<1, and thereby deduce that ||Ar-7A||<j4e.
Thus we have shown that the inner derivation Q>A on sé, given by @A:T-+AT-TA has norm \\3>A\\<:4e. Since A is selfadjoint, it follows from a result of R. V. Kadison [6] that \\@A\\ =2inf||A-Z||.
Thus we can find Ze ¡£ with ||A-Z|| <3e. The lemma is proved. Proof.
In view of the proposition, it suffices to assume A g sé is not thin and show that lim sup || AP -PA || > 0. Pea" It is easy to see that it is sufficient to prove this theorem for A selfadjoint, and we will later restrict to such A. and Ar=A'1P1-r-A^2P2,wehave \\A+Z+K\\<e, a contradiction. Continuing, if Exsé is not a factor, we can find a suitable E2<E1, and so on. In this way, a strictly decreasing sequence of central projections {En} is chosen with \\(A+Z+K)En\\^e for all Ze2£,KeJ, for each ». In fact, observe that the set Sf = {Q e si: Q a projection and Q(I -Fx) = Q for some a} is the smallest/j-ideal containing the projections of to. Hence Sf is precisely the set of all projections in [m] (see [9] ). On the other hand, the set on the right above is obviously a uniformly closed two-sided ideal containing exactly these same projections, so the equality follows [9] .
We claim there is some point = lim sup ||(/ -PMPII -3s.
Pea»
The proof is finished.
